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$f(T)= \sum_{i=0}^{n}a_{i}T^{i}$ $a_{i}=a_{n-t}(\forall i)$ , $f(T)$
(self-reciprocal polynomial) . ,
, 1 . ,
Riemann .
Summary
A real polynomial $f(T)= \sum_{i=0}^{n}a_{i}T^{i}$ is called self-reciprocal if $a_{i}=a_{n-i}(\forall i)$ is
satisfied. In this article, we give a certain sufficient condition for a self-reciprocal
polynomial to have all the roots on the unit circle. As an application, we will




1.1 $f(T)=\Sigma_{i=0}^{n}a_{i}T^{i}$ $i(0\leq i\leq n)$ $a_{i}=a_{n-i}$
, $f(T)$ (self-reciprocal polynomial) .
, (palindrome) . self-inversible
. , $f(T)$ , $f(T)=0$
(reciprocal equation) . :
1.2 $f(T)=a_{0}+a_{1}T+\cdots+a_{k}T^{k}+a_{k}\Gamma^{n-k}+a_{k-1}T^{m-k+1}+\cdots+a_{0}T^{m}$
$(m>2k)$ $a_{0}>a_{1}>\cdots>a_{k}>0$ , $f(T)$ .
, ,
:
1.3 (Enestr\"om - ) $f(T)=a_{0}+a_{1}T+\cdots+a_{k}T^{k}$ $a_{0}>a_{1}>\cdots>$
$a_{k}>0$ , $f(T)$ $(|T|>1)$ .
1665 2009 9-16 9
. Enestr\"om- : $f(T)=a_{0}+$
$a_{1}T+$ $\cdot+a_{k}T^{k}$ $a_{0}\geq a_{1}\geq\cdots\geq a_{k}>0$ , $f(T)$
$(|T|\geq 1)$ ( $[2$ , p.12] ).
. 13
, Marden [17, p.151, Exercise 4], [14, p.14, 5]
. [14] ,
.
1.2 , zeta Riemann . ,
zeta zeta , $P(T)$ $T\mapsto T/$ $q$
( $q$ ) .
, $P(T/\sqrt{q})$ ( ) , zeta
Riemann . ,
zeta , 1.2 Riemann
. 3, 4 . , ,
[7] . , ( )
, [8] .






$a_{0}>a_{1}>\cdots>a_{k}>0$ . $f(T)$ 2
$P(T)$ $:=$ $a_{0}+a_{1}T+\cdots+a_{k}T^{k}$ ,
$Q(T)$ $:=$ $a_{k}\Gamma^{n-k}+a_{k-1}T^{m-k+1}+\cdots+a_{0}T^{m}$, (2.2)
$f(T)=P(T)+Q(T)$ . $a_{0}>a_{1}>\cdots>a_{k}>0$ , 13
$P(T)$ $|T|\leq 1$ . $P(T),$ $Q(T)$ ,
:
2.1 $|T|<1$ $|P(T)|>|Q(T)|$ .
, $|T|<1$ $f(T)=P(T)+Q(T)\neq 0$ . ,
$f(T)=0$ , $P(T)=-Q(T)$ , $|P(T)|=|Q(T)|(\exists T,$ $|T|<1)$ ,
21 . , $f(T)$
$\mathcal{I}^{m}f(\frac{1}{T})=f(T)$
10
. , $f(T)$ $f(T)$
1 1 $(\alpha$ $1/\alpha$ $)$ , $f(T)\neq 0$




22 $($2.2 $)$ $P(T),$ $Q(T)$ , $|T|=1$
$|P(T)|=|Q(T)|$ .
. $T=e^{i\theta}$ , $|P(e^{i\theta})|=| \sum_{j}^{k}ae^{ij\theta}|=|\sum_{j=0}^{k}a_{j}e^{-ij\theta}|=|\Sigma_{j=0}^{k}a_{j}e^{i(m-j)\theta}|$
$=|Q(e^{i\theta})|$ . $[$
:
23( ) $g(T)$ $D\subset C$ , $\overline{D}(D$
$)$ . $|g(T)|$ $M$ $\overline{D}-D$ , $D$
$|g(T)|<M$ .
. Ahlfors [1, P.134]. 1
, 23 $g(T):=Q(T)/P(T)$ , $D:=\{T\in C;|T|<1\}$
. $g(T)$ . 13 $g(T)$
. 22 , $D$ $|g(T)|=1$ . 23 $D$
$|g(T)|<1$ 21 .




$P(T)$ , $Q(T)$ (
$)$ , $g(T)$ . \S 1 ,
Enestr\"om- $($ $)$ .
(3) (1), (2) , : $f(T)$





zeta , 1999 , Iwan Duursma ([9]). $C$
$F_{q}$ $(q=p^{f}, p:$ $, r\geq 1)$ $[n, k, d]$- ( $C$ $F_{q}^{n}$ $k$
),
$W_{C}(x,y)=x^{n}+ \sum_{1=d}^{n}A_{i}x^{n-i}y^{i}$ $(A_{d}\neq 0)$
( ( ) , 1
[18], [15, PP. 471-496] ). , $d$ $C$
, ( $d$ ).
3.1 $C$ , $n-d$ $P(T)\in Q[T]$ 1 ,
$\frac{P(T)}{(1-T)(1-qT)}(y(1-T)+xT)^{n}=\cdots+\frac{W_{C}(x,y)-x^{n}}{q-1}T^{n-d}+\cdots$
. $P(T)$ $C$ zeta , $Z(T)$ $:=P(T)/\{(1-T)(1-qT)\}$ $C$ zeta
.
$P(T)$ , Duursma
, [4, PP92-93], [13, p.44], [5, pp.32-331
. [7, Appendix Al .




$(g=n/2+1-d)$ . , $C$ , $F_{q}^{n}$ , $C^{\perp}=C$
( ) . zeta (
zeta $)$ ,
Riemann :
3.2 $C$ , zeta $P(T)$ . $P(T)$ $\alpha$
,
$| \alpha|=\frac{1}{\sqrt{q}}$
, $C$ Riemann .
Riemann ,
Riemann , , .
Riemann ,
Duursma
3.3 Extremal Riemann .
12
([11]). , $F_{q}$ ,
extremal ([18, p.139]).
, extremal . Duursma ,
Type IV ([12]). 1
, (3.1) , zeta $P(T)$ $T\mapsto T/\sqrt{q}$
P(T/ $\sqrt{}$ , zeta
. , Duursma Type IV extremal
Riemann , zeta P(T/ $\sqrt{}$
Gegenbauer ( idtraspherical polynomials, )
, $P(T/\sqrt q)$ ,
.
. extremal code , $F_{2},$ $F_{3}$ F4
, Mallows-Sloane ([12, \S 1.1]) , .
, 3.1 , $P(T)$ , $W_{C}(x, y)$
, $x,$ $y$ $n$
. MDS ( ) zeta
Duursma ,
,
$W(x, y)=x^{n}+ \sum_{i=d}^{n}A_{i}x^{n-i}y^{i}$ $(A_{d}\neq 0)$ (3.2)
zeta $P(T)$ , ([5, p.40].
[7, Appendix $A|$ ).
, $P(T)$ , $W(x, y)$
$\sigma_{q}=\frac{1}{\sqrt{q}}(\begin{array}{lll}1 q -11 -l\end{array})$ (3.3)
. , 1 $\sigma=(\begin{array}{ll}a bc d\end{array})$ $f(x, y)$
$f^{\sigma}(x, y)=f(ax+by, cx+dy)$ . , $C$ $F_{q}$
$W_{C}^{\sigma_{q}}(x, y)=W_{C}(x, y)$ .
, $\sigma_{q}$ $W(x, y)$ ( ) ,
$C[x, y]^{\langle\sigma_{q})}:=\{W(x,y)\in C[x,y]; W(x, y)^{\sigma_{q}}=W(x, y)\}=C[x+(\sqrt{q}-1)y, y(x-y)]$
(MacWilliams-Sloane [16, p.605, Theorem 5]). , $P(T)$ (3.1)
$W(x,y)$ , $C[x, y]^{\{\sigma_{q}\rangle}$ .
Riemann :
3.4 $W(x, y)\in C[x,y]^{(\sigma_{q})}$ (3.2) , $W(x, y)$ zeta
$P(T)$ . $P(T)$ $\alpha$ ,
$| \alpha|=\frac{1}{\sqrt{q}}$
13
, $W(x, y)$ Riemann .
. (1) $W(x, y)$ $\sigma_{q}$ ( $P(T)$
) Riemann , . $F_{2}$ [7, 4, 3] Hamming
.
(2) $P(T)=-P( \frac{1}{qT})q^{g}T^{2g}$ ( )
( $C[x,$ $y]^{(\sigma_{q}\rangle}$ ), Riemann
([6]).
4 Hamming Riemann
$C[x, y]^{(\sigma_{q})}$ , 3.4 Riemann





, [16, P.146, Theorem 13] $)$ :
$W_{c^{q}}^{\sigma}(x, y)=q^{k-n/2}W_{C}\perp(x, y)$ $W_{c\perp}^{\sigma_{q}}(x, y)=q^{n/2-k}W_{C}(x, y)$
$\tilde{W}_{C}(x,y):=\frac{1}{1+q^{k-n/2}}\{W_{C}(x, y)+q^{k-n/2}W_{C^{\perp}}(x, y)\}$ (4.1)
$W_{C}(x, y)$ $W_{C^{\perp}}(x, y)$ , $\tilde{W}_{C}(x, y)$ $\sigma_{q}$ ,
$\overline{W}_{C}(x, y)\in C[x, y]^{(\sigma_{q}\rangle}$ , (3.2) .
$C$ .
$C$ , Hamming . $r\geq 2$ $F_{q}$
, $[(q^{f}-1)/(q-1)=n, n-r, 3]$ $(r$ $q$ .
Brouwer [3, p.316] $)$ . $W_{C}(x,y)$ , $C^{\perp}$
$W_{C} \perp(x, y)=x^{n}+(q-1)nx^{\frac{n-1}{q}}y\frac{(q-1)\mathfrak{n}+1}{\mathfrak{g}}$
, . .





$\ovalbox{\tt\small REJECT}(T)$ $=$ $\sum_{i=0}^{n-d-1}(\begin{array}{ll}n -i-2 d-1\end{array})q^{i+2-n/2}T^{i}+ \sum_{i=d-3}^{n-4}(\begin{array}{l}i+2d-l\end{array})T^{\cdot}$
$F_{2}(T)$ $= \sum_{i=0}^{n-d-2}(\begin{array}{ll}n -i-3 d-l\end{array})q^{i+2-n/2}T^{i}+ \sum_{i=d-2}^{n-4}(\begin{array}{l}i+1d-l\end{array})T^{\cdot}$
([7, Theorem 4.5]). $T\mapsto\tau/\sqrt{q}$ $\tilde{P}_{r_{1}q}(T/\sqrt{q})$
. $r\geq 3,$ $q\geq 4$ P-r,q(T/ $\sqrt{}$ 12
, , , :
4.1 $r\geq 3$ $q\geq 4$ , Hamming $C$ (4.1)
3.4 Riemann .
. (1) $r=2$ , Hamming MDS ,
Riemann ([7, \S 3]). , $r=3,$ $q=2,3$
, , Riemann
.
(2) [7] , $C$ MDS , Golay ( , 2 )
, Riemann ([7, \S 3, \S 7]).
, MDS , Hamming , Golay (Pless [18,




MDS . 3.4 Riemann
.
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